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Abstrat
This work aims at generalising the rank-level duality (also known as strange duality)
proved by Belkale [Bel06℄ for generi urves and Marian and Oprea [MO07a℄ for every
smooth urve to the ase of spaes of onformal bloks related to moduli spaes of
paraboli bundles on a smooth projetive urve.
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0 NOTATIONS 2
Introdution
Conformal bloks are vetor spaes whih appear for example in the Conformal Field Theory
of WZW models [Wit89℄: mathematially speaking, they an be dened as setions of de-
terminant line bundles (and their powers) on moduli spaes of vetor bundles. The strange
duality onjeture, whih appears as a mathematial statement in [DT94℄, asserts that these
spaes are dual to eah other when swithing rank (of vetor bundles) and level (the power
of the line bundle).
The dimension of these spaes an be omputed by the Verlinde formula [Ver88,Bea96℄
and an be heked to be equal. The strange duality onjeture was proved reently by
Belkale [Bel06, Bel07℄ for rational nodal urves (and thus for generi urves) and extended
to arbitrary smooth urves of genus g > 2 by Marian and Oprea [MO07a℄. The proofs are
based on the isomorphism between the Verlinde algebra and the quantum ohomology of the
Grassmannian, whih is explained by a paper by Witten [Wit95℄ using quantum eld theory
language and arguments: this translates into spetaular enumerative properties whih were
rst used by Belkale, then by Marian and Oprea in a slightly dierent fashion, to prove the
onjeture.
This text aims to explain how Marian and Oprea's proof an be generalised in a straight-
forward way to paraboli onformal bloks on moduli spaes of vetor bundles with paraboli
strutures at marked points. Its goal is also to give a geometri proof of the statements of
Nakanishi and Tsuhiya [NT92℄.
I would like to thank Arnaud Beauville for his remarks and orretions.
0 Notations
Throughout this text, (X,p) will denote a smooth projetive urve over C of genus g with
n marked points, and r and l are xed positive integers. We denote by D the nite set of
marked points.
We will attah to the marked points n Young diagrams denoted by λ = (λp)p∈D: eah
of this diagram is a noninreasing sequene λ = (a1 > a2 > · · · > ar) of r integers suh
that 0 6 ai 6 l. These Young diagrams will often represent dominant weights of the Lie
algebra slr (whih an be anonially assoiated to noninreasing sequenes of r integers up
to translation) of level 6 l (the level of a weight being the dierene between the rst and
the last number of the sequene). A Young diagram an also be represented by a set of boxes
in a l × r retangle divided in r rows whose lengths are the ai's. The set of suh Young
diagrams is denoted by Y Dl.
The transpose of a diagram (represented by its Young diagram of height r and width l) is
written λT : it is the image of λ under the reetion whih maps the horizontal and vertial
axes to eah other. It an represent a dominant weight of sll of level at most r.
The onjugate diagram of λ is dened by the sequene λ∗ = (l − ar, . . . , l − a1): its
graphial representation onsists of the boxes in the omplement of the diagram of λ in the
l × r retangle.
The size |λ| of λ, is the number of boxes of its Young diagram, whih is ∑ ai in the
previous notations. If λ if a family of weights, |λ| is the sum of their sizes.
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If λ = (a1 > a2 > · · · > ar), we will use the notation λ(i) := ai to refer to the ompo-
nents of λ and the notationQλ(X1, . . . , Xr) for the antisymmetri polynomial det(X
aj+r−j
i )i,j,
Vdm := Q0 for the Vandermonde determinant and Sλ(X1, . . . , Xr) for the Shur polynomials
Qλ/Vdm.
1 Desription of the strange duality
1.1 Paraboli strutures on vetor spaes
Let g := slr be the Lie algebra of the group SLr. We hoose a Cartan subalgebra h in g, and
a Borel subalgebra b. This indues a deomposition of g as h⊕⊕α∈R gα, where R is the set
of roots of g. The roots appearing in the deomposition of the Borel subalgebra are said to
be positive.
A hoie of an invariant quadrati form on g (a Cartan-Killing form), allows to dene
oroots and the lattie of weights Λ whih is dual to the lattie generated by oroots. In
the ase of slr, roots and oroots are equal: they generate a lattie whih an be naturally
identied to {(x1, . . . , xr) suh that
∑
xi = 0} while the weight lattie is the quotient of Zr
by the line generated by the vetor (1, . . . , 1).
The positive roots an be hosen to have the form ei − ej where i < j and the lattie of
weights has a basis of fundamental weights ̟k = e1 + · · ·+ ek (ei being the vetor having a
single nonzero i-th oordinate).
Let λ = (a1, . . . , ar) ∈ Y Dl be a Young diagram. It will also be onsidered as a weight
of slr. The assoiated paraboli subalgebra pλ of slr is the Lie algebra spanned by the Borel
subalgebra b and the negative root subspaes orresponding to roots annihilated by λ. The
assoiated subgroup of G := SLr is denoted by Pλ.
The paraboli weight lattie Λλ is dened to be the sublattie of Λ spanned by the
fundamental weights appearing in the deomposition of λ: it is the annihilator of the root
lattie annihilated by λ.
Denition 1.1. A paraboli struture of type λ on a r-dimensional vetor spae E is the
hoie of a point in SL(E)/Pλ.
Proposition 1.2. If λT = (b1, . . . , bl), a type λ paraboli struture on E is equivalent to the
datum of a (dereasing) ltration by bi-dimensional vetor subspaes.
Proof. We have λ =
∑l
i=1̟bi. Then Λλ is the lattie of vetors whose oordinates are
onstants on bloks of length bi−bi+1. It an be shown that Pλ is isomorphi to the subgroup
of SLr of upper blok-triangular matries where the diagonal bloks have size bi+1−bi exatly.
Sine SL(E) ats transitively on ltrations and Pλ is the stabilizer of suh a struture, one
an nd a bijetion between G/Pλ and hoies of a ltration.
The variety G/Pλ is projetive and arries a natural line bundle Lλ = L−λ, obtained as
the mixed produt G ×Pλ Cλ where Cλ is the one-dimensional representation of Pλ dened
by the harater exp(−λ).
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Proposition 1.3. If πi's are the anonial projetions of G/Pλ on the Grassmannians
G/P̟bi = Gr(bi, E),
L−λ =
l⊗
i=1
π⋆iO(1)
where the polarisation on the Grassmannians is given by the Plüker embedding. Atually
pi⋆ :
∏
distint i
Pic(Gr(bi, E))→ Pic(G/Pλ) ≃ Λλ
is an isomorphism.
Theorem 1.4 (Borel-Weil-Bott). The vetor spae of global setions of L−λ is isomorphi
as a representation of G to the irredutible representation of G of highest weight λ.
By onsidering λT instead of λ, we an dene using the same diagram paraboli strutures
on a l-dimensional vetor spae F .
Proposition 1.5. Let E and F be vetor spaes of dimensions r and l, equipped with paraboli
strutures of type λ and λT . Then E⊗F has a natural paraboli struture of type ̟|λ| (whih
we will abusively all a type-|λ| struture).
This paraboli struture is dened as follows: let
0 ⊆ El ⊂ El−1 ⊂ · · · ⊂ E1 ⊆ E
0 ⊆ Fr ⊂ Fr−1 ⊂ · · · ⊂ F1 ⊆ F
be the dening ltrations of these strutures, then the struture on the tensor produt is
dened by the subspae
G =
∑
i,j
Ei ⊗ Fj
where the indies i, j have to satisfy either j = λ(i) or i = λT,(j). To make it learer, let (eα)
and (fβ) be bases of E and F where the hosen Borel subgroups of SL(E) and SL(F ) are
represented by upper triangular matries. The onditions on the indies in the summation
an be translated into the ondition eα⊗fβ in the distinguished subspae if and only if α 6 i
and β 6 j, where (i, j) are the oordinates of a box on the boundary of the diagram of λ: in
other words, G is the linear span of the eα ⊗ fβ for (α, β) going through the boxes of λ.
This onstrution yields a morphism
τ : SLr/Pr,λ × SLl/Pl,λT → SLrl/Prl,|λ| ≃ Gr(|λ| , rl)
suh that τ ⋆L|λ| = Lλ ⊠ LλT .
Proof. Let (Ei) and (Fj) be the universal ltrations of Or and Ol on SLr/Pr,λ and SLl/Pl,λT :
then Or ⊠ Ol ontains a anonial subbundle G of rank |λ| dened by the same formula as
above, whih determines a lassifying morphism τ to the Grassmannian of rank |λ| subspaes
of Crl.
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Let G denote (abusively) the universal bundle on the Grassmannian Gr(|λ| , rl), whih
pulls bak to G on SLr/Pr,λ × SLl/Pl,λT . Then L|λ| is identied with detG∨ as well as its
pull-bak:
τ ⋆L|λ| = detG∨.
The bundle G an be ltered by
Gk =
∑
i>k
Ei ⊗ Fλ(i)
and sine
Ei+1 ⊗ Fλ(i) ⊂ Ei+1 ⊗ Fλ(i+1)
the i-th graded part of grG is
Ei ⊗ Fλ(i)
(Ei ⊗ Fλ(i)) ∩ Ei+1 ⊗ Fλ(i+1)
= Ei/Ei+1 ⊗Fλ(i) .
Now
detG = det grG =
⊗
det(Ei/Ei+1)λ(i) ⊗ detF rkEi−rkEi+1λ(i)
and we are redued to proving this is equal to
l⊗
i=1
det Ei ⊗
r⊗
j=1
detFj
whih an be done ounting the number of times det Ei and detFj appear in eah fator.
We an give this onstrution a more funtorial look by expressing it in terms of paraboli
maps.
Denition 1.6 (Dual paraboli struture). Let E be a vetor spae equipped with a paraboli
struture of type λ =
∑l
i=1̟bi given by a ltration (Ei)
l
i=1. Then its dual E
∨
arries a
anonial paraboli struture given by the ltration (E⊥l+1−i) alled the dual paraboli stru-
ture, whih has type λ∗.
Denition 1.7 (Paraboli map, paraboli morphism). Let E be a type λ paraboli vetor
spae. Then λ as a weight of slr an be written
∑
xi̟αi for stritly dereasing 0 < αi < l
and integer oeients xi. The redued ltration on E is the stritly dereasing ltration
(Ei)
s
i=1 dening the paraboli struture.
Let F be a type λT∗ paraboli vetor spae. If βi is λ
(αi)
then λT =
∑
yi̟bi with distint
inreasing bi's. The redued ltration (Fi)
s
i=1 by (l−bi)-dimensional subspaes in then stritly
dereasing. The ouples (αi, βi) orrespond to orners of the diagram λ.
A paraboli map between E and F is a ltered morphism from E to F , i.e. the image of
Ei lies inside Fi for all i. We denote by Hompar(E, F ) ⊂ E∨⊗F the vetor spae of paraboli
morphisms.
Proposition 1.8. Let E be a type λ paraboli vetor spae and F a type λT∗ paraboli vetor
spae. The vetor spae Hompar(E, F ) ⊂ E∨ ⊗ F is preisely the subspae dening the type
|λ∗| struture on E∨ ⊗ F .
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Proof. We onsider the redued ltrations on E and F∨: sine E is ltered by (Ei) and F
∨
by (F⊥s+1−i), the paraboli struture on Hom(F,E) is given by
∑
Ei ⊗ F⊥i (it is a type |λ|
struture), whose annihilator in Hom(E, F ) is⋂
(Ei ⊗ F⊥i )⊥ =
⋂
(E⊥i ⊗ F + E∨ ⊗ Fi) =
⋂
(Hom(E/Ei, F ) + Hom(E, Fi))
and eah of the spaes being interseted is the subspae of morphisms mapping Ei to Fi.
1.2 Paraboli vetor bundles
Denition 1.9. Let X be a smooth urve, and (p,λ) a sequene of points p ∈ D with
assoiated Young diagrams λp ∈ Y Dl. A paraboli vetor bundle of type (p,λ) is the data of
a rank r vetor bundle E over X and a ltration of E ↾p by vetor subbundles of ranks λ
T,(j)
p
(i.e. a type λp paraboli struture on this ber).
A paraboli SLr-bundle on X is the data of a prinipal SLr-bundle E on X with the hoie
of a struture group redution to Pλp (given by a point of Ep×SLr Pλp) at p. A paraboli SLr
bundle dened naturally a paraboli vetor bundle with trivial determinant.
We know dene a notion a setion for paraboli bundles whih will be onvenient to dene
the Theta divisors on the orresponding moduli stak.
Denition 1.10. If λ is a system of Young diagrams, Ol an be equipped with a anonial
paraboli struture of type λT∗ (hoosing a ltration by the rst oordinates).
A paraboli setion of a type λ paraboli bundle E is a paraboli morphism Ol → E(D)
(i.e. a morphism restriting to a paraboli map of vetor spaes between the bers at points
p ∈ D). Equivalently, a paraboli setion is a l-tuple of setions of E(D) suh that the i-th
setion takes values in the i-th term of the ltration of the ber at eah point.
Remark. The ase l = 1 and λ = 0 gives bak the denition of a setion of a plain vetor
bundle. In the general ase, paraboli setions are allowed to have simple poles along the
divisor D.
Proposition 1.11. The sheaf Epar of paraboli setions of E is a loally free subsheaf of
E(D)⊕l tting into a short exat sequene
0→ Epar → E(D)⊕l →
⊕
p∈D,i∈J1,lK
Ep/Fp,i → 0
where Ep = E ⊗Op and Fp,j is the j-th subspae in the ltration of Ep given by its paraboli
struture of type λp, whih is therefore a λ
T,(j)
p -dimensional vetor spae. The dimensions of
Ep/Fp,i are then the oordinates of λ
T,∗
p .
The degree of Epar is
l degpar(E) := l degE + |λ|
and its slope is µ(Epar) = µ(E) + δ where |λ| = rlδ and n is the number of marked points.
The rational number µ(Epar) is alled the paraboli slope of E, and degpar(E) = deg(Epar)/l
its paraboli degree.
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Remark. Notie that |λp| 6 rl for any Young diagram of Y Dl. In partiular, δ 6 n. This
notion of paraboli degree oinides with the usual denition of parabli degree for the
paraboli struture dened by the weights (a1/l, . . . , ar/l) (where λ = (a1, . . . , ar) is the
vetor orresponding to the Young diagram).
Proof. The exat sequene is atually a rewriting of the denition and the omputation
of its degree and slope follows from the properties of degree with respet to extensions of
sheaves.
Proposition 1.12. If M is a type λT paraboli vetor bundle of rank l on X, we dene the
bundle of paraboli M-setions of E to be (M ⊗ E)par = Hompar(M∨, E(D)). There is an
exat sequene
0→ (M ⊗ E)par →M ⊗ E(D)→
⊕
p∈D,i∈J1,lK
Ep/Fp,i → 0
and µ((M ⊗ E)par) = µ(Epar) + µ(M) = µ(E) + µ(Mpar).
1.3 Theta divisors on moduli spaes of bundles
Let UX(r) (resp. SUX(r)) be the moduli stak of rank r vetor bundles with degree zero
(resp. trivial determinant) on X . It is an algebrai stak [LMB00℄ and admits a oarse
moduli sheme (whih an be seen as the GIT quotient of a Quot sheme) whih is a normal
projetive variety, whose losed points parameterise S-equivalene lasses of semistable vetor
bundles. It is known [DN89,LS97℄ that the Piard group of the moduli stak (or equivalently
of the oarse moduli sheme, see [BL94℄) is isomorphi to Z, as it is the ase of the ane
Grassmannian SLr(C((z)))/SLr(C[[z]]).
An ample generator of this group is the determinant line bundle (detRf⋆(E ⊗L))−1 of the
universal bundle E , where L is a degree g − 1 line bundle on X . The resulting line bundle
on SUX(r) does not depend on the hoie of L.
Let UX,p(r,λ) (resp. SUX,p(r,λ)) be the moduli stak of rank r paraboli vetor bundles
with degree zero (resp. trivial determinant), with paraboli struture of type λ at the marked
points. There a anonial forgetful morphism ϕ : SUX,p(r,λ)→ SUX(r). Any marked point
p gives rise to a vetor bundle Ep on SUX,p(r,λ) whih is the pull-bak by the assoiated
setion SUX,p(r,λ) → SUX,p(r,λ) × {p} ⊂ SUX,p(r,λ) × X of the universal bundle: it is
naturally given a global paraboli struture of type λp.
Proposition 1.13 ([LS97℄). The Piard group of SUX,p(r,λ) is isomorphi to
Pic(SUX(r))×
∏
p∈D
Pic(G/Pλp) ≃ Z×
∏
p
Λλp
where the rst fator is generated by the pull-bak by ϕ of the determinant bundle by the
bration SUX,p(r,λ)→ SUX(r), and the others by the determinants of the subbundles den-
ing the ltration of Ep: these are relative versions of the line bundles on G/Pλ assoiated to
weights of Pλ (whih are elements of the lattie Λλ).
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The moduli stak SUX,p(r,λ) arries a natural ample line bundle Ll,λ represented in the
Piard group by the element (l,λ) of Z×∏Λλ.
Proposition 1.14. If δ is an integer, the natural ample line bundle Ll,λ over SUX,p(r,λ) is
isomorphi to the determinant of the ohomology of Epar ⊗ L = (E ⊗ L)par where L is some
degree (g − 1− δ) line bundle over X.
Proof. The proof is similar to [Pau98℄: there is an exat sequene
0→ (E ⊗ L)par → (E ⊗ L(D))l →
⊕
p∈D,i∈J1,lK
Ep/Fp,i → 0
and if π is the projetion from SUX,p(r,λ)×X to SUX,p(r,λ) we have
detRπ⋆(Epar ⊗ L)∨ = detRπ⋆(E ⊗ L(D))⊗−l ⊗
⊗
p∈D
l⊗
i=1
det(Ep/Fp,i)
and det(Ep/Fp,i) ≃ detF∨p,i are exatly the positive generators of the Λλp omponent of the
Piard group as above.
In the rest of this setion, we suppose δ is an integer.
Proposition 1.15. For any type λT paraboli vetor bundle M of rank l and paraboli slope
g−1, the determinant of the ohomology of (M⊗E)par is a line bundle isomorphi to Ll,λ and
ontains a anonial setion whose vanishing detets the existene of paraboli M-setions.
Remark. The previous proposition is simply the partiular ase where M = L⊕l is equipped
with the type λT paraboli struture of Cl.
Corollary 1.16. Let M be a xed paraboli bundle of type λT . There is a anonial se-
tion (up to homothety) in H0(Ll,λ) whose vanishing lous on the moduli stak onsists of of
paraboli bundles having nonzero paraboli setions (after tensoring by L).
Proof. If π is the projetion from SUX,p(r,λ) ×X to SUX,p(r,λ), Ll,λ = detRπ⋆(E ⊗ L)∨par
an be represented by the determinant of any quasi-isomorphi omplex of vetor bundles
with two terms: it has a anonial setion given by the determinant of the dierential, whose
vanishing detets the existene of setions (whih are the ohomology of this omplex).
Proposition 1.17. When l = 1, the anonial setion assoiated to a line bundle L of degree
g − 1− δ is nonzero and denes a divisor on the moduli stak.
Proof. When l = 1, a paraboli struture of level 1 on a vetor bundle is the hoie of a
single subspae at eah of the marked point. A paraboli bundle E⊗L has nonzero paraboli
setions if and only if Epar⊗L has nonzero ordinary setions (here Epar is a subvetor bundle
of E(D). Let F be a vetor bundle of degree δ suh that F ⊗ L has no nonzero setion.
Suh a bundle exists beause the Theta map at level 1 is dened on an open set. Then for
any extension E of F , with a paraboli struture suh that Epar = F , the anonial setion
dened by L does not vanish at E.
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We will often refer to the anonial setion without mentioning that it is only dened
up to a salar.
The determinant line bundle an also be dened on UX,p(r,λ) but it depends on the
hoie of M . Let M be a type λT∗ paraboli bundle of paraboli slope g−1 over X and rank
l. We set Ll,λM = detRπ⋆(M ⊗ E)∨par.
Proposition 1.18. The line bundle Ll,λM is isomorphi to
ϕ⋆Θlr,M ⊗L0,λ ⊗
⊗
p
(det Ep)⊗l
where Θr,M is the determinant line bundle dened by M on UX(r).
Proof. The proof is idential to 1.14, exept Ep no longer has a trivial determinant.
Proposition 1.19. The line bundles Ll,λM satisfy the following properties: if M and N are
vetor bundles of paraboli slope g − 1, then
• Lsl,sλM⊕s = (Ll,λM )s
• Ll,λM = Ll,λN ⊗ det⋆(detM ⊗ detN−1).
Here a line bundle of degree zero ats by translation on the Piard varieties Jacd(X) and its
ation on line bundles is isomorphi to the tensor produt by some line bundle on the Piard
variety, whih will be denoted similarly.
Proof. The rst equality results from the denitions. The seond one is a onsequene of the
identity
Θr,M = Θ
l
r,L ⊗ det⋆(detM ⊗ detL−l)
whree L is a line bundle of the same slope as M . It will be often used to ompute deompo-
sitions of pull-baks of determinant line bundles.
Proposition 1.20. The tensor produt of paraboli strutures extends to paraboli vetor
bundles, giving a morphism of staks
τ : SUX,p(r,λ)× UX,p(l,λT )→ UX,p(rl, |λ|)
mapping a ouple of paraboli vetor bundles (E, F ) to their paraboli tensor produt E ⊗F .
Furthermore, for any line bundle L of degree g − 1− δ
τ ⋆L1,|λ|L = Ll,λ⊠ Lr,λ
T
L .
The pull-bak of the anonial setion of L1,|λ| denes a pairing SD betweenH0(SUX,p(r,λ),Ll,λ)∨
and H0(UX,p(l,λT ),Lr,λL )∨ by duality.
Proof. The stak SUX,p(r,λ) × UX,p(l,λT ) arries a paraboli vetor bundle E ⊠ F where
E and F are the tautologial universal vetor bundles: sine this is a type |λ| and rank rl
paraboli vetor bundle, there is an assoiated lassifying morphism to UX,p(rl, |λ|).
The pull-bak formula an be derived for the formula in the non-paraboli ase (whih
has the form τ ⋆Lrl,L = Lkr ⊠Lrk,L) and from the omputation of the pull-bak of L0,|λ| whih
is idential to the ase of vetor spaes (proposition 1.5).
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The pairing SD is the lassial strange duality map. Following Marian and Oprea
[MO07a℄, we now introdue new spaes of setions whih satisfy more symmetries and will
benet from the enumerative geometry onstrutions.
Proposition 1.21. There is a morphism
(τ, δ) : UX,p(r,λ)× UX,p(l,λT )→ UX,p(rl, |λ|)× JacX
mapping a ouple of paraboli vetor bundles (E, F ) to (E ⊗ F, detE∨ ⊗ detF ).
Furthermore, if Θ is a Theta divisor on JacX, and Θ¯ its image by the involution x 7→ −x,
a hoie of a degree g−1−δ line bundle L gives lines bundles on the moduli staks satisfying:
(τ, δ)⋆(L1,|λ|L ⊠Θ) = (Ll,λL ⊗ det⋆Θ¯)⊠ (Lr,λ
T
L ⊗ det⋆Θ).
The pull-bak of the external produt of anonial setions of L1,|λ|L and Θ denes a pairing
S˜D between H0(UX,p(r,λ),Ll,λL ⊗ det⋆Θ¯)∨ and H0(UX,p(l,λT ),Lr,λ
T
L ⊗ det⋆Θ)∨.
Proof. The deomposition of the pull-bak of the determinant bundle is an appliation of
Mumford's see-saw priniple, and is analogous to the non-paraboli ase [MO07a℄: let E be a
losed point of UX,p(r,λ). The restrition of (τ, δ)⋆(L1,|λ|L ⊠Θ) to the ber {E}×UX,p(l,λT )
is
detRπ⋆(E ⊗ F ⊗ L)par ⊗ det⋆(t⋆detE∨Θ)
where t• is the translation operator. This is equal to
detRπ⋆(F ⊗ L)par ⊗ det⋆(detE)⊗ det⋆(detE∨ ⊗Θ) = Lr,λ
T
L ⊗ det⋆Θ.
A similar formula holds for UX,p(r,λ)× {F} bers.
Proposition 1.22. If S˜D is a perfet pairing for some hoie of Θ, then so is SD.
Proof. Let θ be the unique (up to homothety) setion of Θ¯ on JacX , also denoting its
pullbak to UX,p(l,λT ), and denoting quite abusively the multipliation morphism Lr,λ
T
L →
Lr,λTL ⊗ det⋆Θ¯.
Sine S˜D is indued by a setion ∆ · θ while SD is only indued by ∆, we have the
following ommutative diagram:
H0(SUX,p(r,λ),Ll,λ)∨ ρ
†
//
SD

H0(UX,p(l,λT ),Lr,λ
T
L )
1⊗θ

H0(UX,p(r,λ),Ll,λ⊗ det⋆Θ)∨ gSD // H0(UX,p(l,λT ),Lr,λ
T
L ⊗ det⋆Θ¯)
where ρ is the restrition from UX,p(r,λ) to SUX,p(r,λ), and ρ† its transpose. Sine SD et
S˜D are maps between spaes of the same dimension, as we will see in setion 2.2, if ρ is
surjetive, ρ† is injetive and the onlusion follows.
The existene of the étale overing SUX,p(r,λ) × JacX → UX,p(r,λ), allows to extend
a setion of Ll,λ from SUX,p(r,λ) to UX,p(l,λ), by tensoring by a setion of a theta bundle
and projeting to the spae of invariants under translation by the r-torsion subgroup, so that
it desends to UX,p(r,λ). This averaging tehnique works for a generi hoie of the hosen
theta setion [MO07a, Proposition 4℄.
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1.4 Moduli spaes of non-zero degree bundles
Let d be an integer and D be a line bundle of degree d. Then we an dene the moduli
stak of degree d vetor bundles on X , UX(r, d) and its paraboli ounterpart UX,p(r, d,λ),
for a hoie of Young diagrams λ. We dene similarly moduli staks SUX,p(r,D,λ) of vetor
bundles with xed determinant D. These are (non-anonially) isomorphi to eah other,
and UX,p(r, d,λ) is isomorphi to UX,p(r, d + r,λ) by the map E → E ⊗ L for any degree 1
line bundle L.
The formula for the paraboli slope shows that we an still dene a determinant line
bundle Ll,λM on UX,p(r, d,λ) with a anonial setion if µpar = d/r + |λ| /(rl) ∈ (1/l)Z in
whih ase we hoose a paraboli vetor bundle M of rank l and ordinary slope (1−g+µpar),
so that Hompar(M
∨, E(D)) has slope g − 1 for any E ∈ UX,p(r, d,λ). This ondition is
equivalent to
|λ|+ ld ≡ 0 mod r or |λ∗| ≡ ld mod r.
Proposition 1.23. Let d and d be integers, and λ be a system of Young diagrams suh that
there exists an integer µ:
|λ|+ ld + rd = rlµ.
Then |λ∗| is ongruent to ld mod r and to rd mod l. We dene a tensor produt morphism
τ˜ : UX,p(r, d,λ)× UX,p(l, d,λT)→ UX,p(rl, ld+ rd, |λ|)× Picd−dX
mapping (E, F ) to their paraboli tensor produt (E ⊗ F, detE∨ ⊗ detF ). Let L be a line
bundle with slope g−1−µ and Θ be a Theta divisor on Picd−dX. Then hoosing a base point
(E0, F0) denes a divisor Θd on Pic
dX pulling bak by x → detF0 − x and Θd on PicdX
pulling bak by the ation of detE∨0 .
Then
τ˜ ⋆L1,|λ|L ⊠Θ = (Ll,λF0⊗L⊗ det⋆Θd)⊠ (Lr,λ
T
E0⊗L
⊗ det⋆Θd)
Moreover there exists a anonial setion in H0(UX,p(rl, ld+rd, |λ|),L1,|λ|L )⊗det⋆Θ whose
pull-bak denes a pairing S˜D betweenH0(UX,p(r, d,λ),Lr,λF0⊗L⊗det⋆Θd)∨ andH0(UX,p(l, d,λT),Ll,λ
T
E0⊗L
⊗
det⋆Θd)
∨
.
Remark. In the ase d = d = 0, hoosing E0 = OrX and F0 = OlX gives proposition 1.21.
Proof. The proof follows the same steps as proposition 1.21. Let E be a losed point of
UX,p(r, d,λ). The restrition of τ˜ ⋆(L1,|λ|L ⊠Θ) to the ber {E} × UX,p(l, d,λT) is
detRπ⋆(E ⊗ F ⊗ L)par ⊗ det⋆(t⋆detE∨Θ)
where t• is the translation operator. We deompose detE
∨ = detE∨0 ⊗ (detE0⊗detE∨) and
get
detRπ⋆(E ⊗F ⊗ L)par ⊗ det⋆(Θd⊗ (detE0 ⊗ detE∨))
whih is equal to
detRπ⋆(E0 ⊗ F ⊗ L)par ⊗ det⋆Θd.
The proof for bers of type UX,p(r, d,λ)× {F} is idential.
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The proof of the following proposition follows the degree zero ase.
Proposition 1.24. Let λ be a system of Young diagrams satisfying the same onditions.
The tensor produt of paraboli bundles denes a morphism
τ : UX,p(r, d,λ)× SUX,p(l,D,λT )→ UX,p(rl, ld+ rd, |λ|)
where d = degD. If F0 is a given point in SUX,p(l,D,λT ) and L a line bundle with appro-
priate slope, we have
τ ⋆L1,|λ|L = Ll,λF0⊗L⊠ Lr,λ
T
whih does not depend on F0 (sine it always has determinant D).
The pull-bak of the anonial setion of L1,|λ| denes a pairing SD betweenH0(UX,p(r,λ),Ll,λF0⊗L)∨
and H0(SUX,p(l,λT ),Lr,λ)∨ by duality.
As in the degree zero ase, if S˜D is an isomorphism for a suitable hoie of Θ, then SD
is an isomorphism too. We still have to hek the dimensions are equal, whih will be done
in setion 3.
1.5 Paraboli strutures and Shubert varieties
In this setion, we x a N -dimensional vetor spae Γ where N = r + l, and denote by
B ⊂ SL(Γ) a hoie of Borel subgroup in SL(Γ) (whih is the stabiliser of a given omplete
ag (Γi) in Γ).
Let λ be a Young diagram in a l × r retangle. The following notations will be used:
λ = (abk1 a
bk−1−bk
2 · · ·ab1−b2k )
Iλ = (l + 1, · · · , l + r)− λ
λT = µ = (bak1 b
ak−1−ak
2 · · · ba1−a2k )
Jµ = (l, · · · , 1) + µ
where (ai) and (bj) are dereasing sequenes of integers, whih are the lengths of rows and
olumns of λ. With these notations, λ 7→ Iλ is a bijetion between Young diagrams less than
(lr) and r-element subsets of J1, r + lK, and Iλ and Jµ are omplements of eah other.
A subset I of J1, r + lK dene a partial ag (Γi)i∈I of Γ.
Denition 1.25 ([FP98℄). The Shubert variety Yλ is the odimension |λ| subvariety of
Gr(r,Γ) whose points are the r-dimensional subspaes E of Γ suh that the inlusion of E in
Γ is a morphism of ltered vetor spaes for the ltration given by some omplete ag of E
and the partial ag (Γi)i∈Iλ.
The Shubert ell Yλ is the open set of Yλ where there is a unique omplete ag of E
ompatible with the inlusion as above. It is isomorphi to an ane spae.
Let (ei) be a triangular basis of Γ with respet to B (the subspaes spanned by the rst
vetors of the basis are stable under B), and (e′i) its dual basis (with reversed numbering so
that 〈e′i, ej〉 = δi+j,N+1), whih is triangular with respet to the negative Borel subgroup B¯
in GL(Γ∨) ≃ GL(Γ). We onsider and Γ∨ the orresponding omplete ag:
0 = Γ′0 = Γ
⊥
N ⊂ · · · ⊂ Γ′N = Γ⊥0 = Γ∨.
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If T denotes the diagonal maximal torus orresponding to the basis (ei), the T -xed points
in Gr(r,Γ) are the r-dimensional subspaes spanned by a subset of the basis: they an be
indexed by the Iλ so we will write eIλ or eλ for these subspaes. Similarly, e
′
µ denote the
T -xed points of Gr(k, γ∨).
We have Yλ = Beλ and Y
′
µ = B¯e
′
µ for Shubert varieties of Γ and Γ
∨
. Mapping a subspae
to its annihilator yields an isomorphism of Yλ ⊂ Gr(r,Γ) onto Y ′µ ⊂ Gr(l,Γ∨).
Proposition 1.26. The tautologial bundle E ⊂ Γ⊗O over Yλ has a natural ltration whih
makes it a Pλ-bundle.
Proof. It is enough to nd rank bj subbundles. But by the very denition of the Shubert
ell, heking the bj-th Shubert ondition gives preisely that E ∩ Γl+bj−ak+1−j is at every
point a bj-dimensional subspae of the ber of E .
Remark. Considering the torus-xed point eIλ gives a lear view of this paraboli struture:
it orresponds to the deomposition of Iλ in sequenes of onseutive integers.
Proposition 1.27. The tautologial exat sequene
0→ E →֒ Γ⊗O → F → 0
has a natural struture of an exat sequene of paraboli vetor bundles, meaning that it is
an exat omplex of ltered vetor bundles, the ltration being indued by the Pλ-struture of
E , the PλT∗-struture of F and the anonial ltration of Γ by (a∗i +bi)-dimensional subspaes
(given by the boundary of the Young diagram), where a∗i = l − ak+1−i are the row lengths of
λ∗.
Proof. Reall that the ltration on E is indued by Γl+bi−ak+1−i = Γa∗i+bi. Considering the
dual sequene
0→ F∨ = E⊥ →֒ Γ∨ ⊗O → E∨ → 0
gives the answer for the seond arrow.
Proposition 1.28. Let 0→ E → Γ⊗O → F → 0 be the tautologial exat sequene on Yλ.
Let E⊥ = F∨ be the annihilator of E in Γ∨ ⊗O (it is the tautologial subbundle over Y ′µ).
Then the onormal bundle of Yλ in Gr(r, γ) ≃ Gr(l,Γ∨) is naturally isomorphi to the
anonial subbundle of Hom(F , E) = E ⊗ E⊥ indued by their paraboli strutures of type λ
and λT .
Consequently the tangent bundle to Yλ is the subbundle Hompar(E ,F) of Hom(E ,F) (whih
is the tangent bundle to the Grassmannian) onsisting of paraboli morphisms.
Proof. Equivariane under the ation of the Borel subgroup B ⊂ SL(γ) an be used to
prove the result one it is known at the torus-xed point E = eI = eIλ and its annihilator
F∨ = E⊥ = e′J .
Using 1.8 it is equivalent to prove the statement onerning the onormal bundle and the
one about the tangent bundle.
We an parameterise Yλ by bases adapted to the unique full ag satisfying the Shubert
onditions: they an be represented naturally as blok-triangular retangular matries, and
this denes an isomorphism of TEYλ with Yλ. It is easy to see that these triangular matries
represent exatly the paraboli morphisms.
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2 Computation of the Verlinde numbers
2.1 Verlinde numbers and the Verlinde formula
The onformal bloks are nite-dimensional vetor spaes ombining representation theory of
ane Lie algebras and the geometry ofX . They were proved to be isomorphi to the spaes of
setions of line bundles on the moduli spae of (paraboli) vetor bundles [BL94,Fal94,Pau96℄.
Their dimension is omputed by the Verlinde formula [Ver88℄ whih an be used in a
muh more general ase to obtain the dimensions of spaes involved in Rational Conformal
Field Theories. Its mathematial proof relies upon the degeneration properties proved in
[TUY89℄, and more expliit formulae an be obtained by representation-theoreti arguments
[Bea96℄. Computational details about the ombinatorial properties of the Verlinde numbers
an be found in [Zag96℄ for the SLr ase and [OW96℄ for a more general ase.
Proposition 2.1. Assume |λ| is divisible by rl. Then the dimension of the spae of paraboli
onformal bloks (setions of the natural ample line bundle dened by λ) is
h0(SUX,p(r,λ),Ll,λ) = r
g
(r + l)g
×
∑
S∈Pr(Z/(r+l)Z)
∏
s∈S,t/∈S
∣∣∣∣2 sinπs− tr + l
∣∣∣∣g−1∏
s∈S
(ζs)−|λ|/r
∏
p
Sλp(ζ
s, s ∈ S)
where ζ is a primitive (r + l)-th root of unity and Pr(Σ) denote the set of r-element subsets
of Σ.
The following formula also holds:
h0(UX,p(r,λ),Ll,λM ) =
lg
(r + l)g
×
∑
S∈Pr(Z/(r+l)Z)
∏
s∈S,t/∈S
∣∣∣∣2 sin πs− tr + l
∣∣∣∣g−1∏
s∈S
(ζs)−|λ|/r
∏
p
Sλp(ζ
s, s ∈ S)
for setions over the moduli stak of degree zero paraboli vetor bundles, and any hoie of
a paraboli vetor bundle M of type λT .
Proof. We use the notations of [Bea96℄ where the Verlinde formula in the partiular ase of
SLr an be written
h0(SUX,p(r,λ),Ll,λ) = |Tl|g−1
∑
t∈T reg
l
/W
∏
p TrVλp (t)
∆(t)g−1
.
We hoose a maximal torus T and a Borel subgroup of SLr, and the Weyl harater formula
provides TrVλ(t) = Sλ(t) (for t ∈ T onsidered as the r-tuple of its eigenvalues) and ∆(t) =
|Vdm(t)|2.
The set Tl is the subgroup of the maximal torus suh that t
r+l
is a salar matrix: it is the
subgroup annihilated by the sublattie (l+ h∨)Q where Q is the weight lattie and h∨ = r is
the dual Coxeter number of Ar−1. Its order is
r
r+l
(r + l)r. The set T regl is the subset of Tl of
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elements whih are not stabilised by any element of the Weyl group. Let Tl
reg
be its image
in PSLr.
Let t¯ be an orbit in Tl
reg
/W . It orresponds to:
• r elements of T regl , related by multipliation by r-th roots of unity;
• (r + l) subsets of size r in Z/(r + l)Z, whih an be mapped to elements of GLr by
exp
(
2iπ
r+l
•).
Sine
∏
Sλ is a homogeneous symmetri polynomial of total degree |λ| being a multiple
of rl, its value at t is unhanged when t is multiplied by a r-th root of unity: it only depends
on the equivalene lass t¯.
A diagonal matrix ζS ∈ GLr an be replaed by an element t of SLr multiplying by a
r-th root of its determinant. The value of Sλ does not depend of this hoie, so if S is a
subset of Z/(r + l)Z,
Sλ(ζ
S) = Sλ(t)
(∏
ζs
)−|λ|/r
,
giving the formula
h0(SUX,p(r,λ),Ll,λ) =
(
r
r + l
)g−1
(r + l)r(g−1)
r
r + l
×
∑
S∈Pr(Z/(r+l)Z)
(∏
s∈S
ζs
)−|λ|/r∏
i
Sλi(ζ
S) |Vdm(t)|2−2g .
Given a xed subset S, the following holds:
|Vdm(ζs, s ∈ S)|2 =
∏
s 6=s′∈S
∣∣∣ζs − ζs′∣∣∣ =∏
s∈S
r + l∏
s′ /∈S |ζs − ζs′|
=
(r + l)r∏
s∈S,s′ /∈S |ζs − ζs′|
and writing ζ = exp
(
2iπ
r+l
)
, |ζs − ζ t| = 2 sinπ s−t
r+l
, we reover the desired formula.
The seond equality an be derived from the étale over of degree r2g [DT94℄,
τ : SUX,p(r,λ)× Jac(X)→ UX,p(r,λ)
orresponding to the tensor produt funtor. Mumford's see-saw priniple shows that τ ⋆Ll,λM =
Ll,λ ⊠ Θrl for some theta divisor Θ (any paraboli bundle in SUX,p(r,λ) denes the same
determinant bundle on JacX) hene
r2gh0(UX,p(r,λ),Ll,λM ) = (rl)gh0(SUX,p(r,λ),Ll,λ).
An interesting onsequene of this formula is that the theta divisor is the only element of
the linear system given by L1,λ if l = 1.
Corollary 2.2. If l = 1 and λ only onsists of level 1 weights (fundamental weights), the
vetor spae H0(UX,p(r,λ),L1,|λ|) has dimension one if |λ| is a multiple of r.
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Proof. The level 1 Shur polynomials are atually the elementary symmetri funtions. The
sum in the Verlinde formula involves the subsets S whose omplement ontains exatly one
element: now if S = Z/(r + 1)Z \ {s} the values of the elementary symmetri funtions on
ζS are the oeients of the polynomial
Xr+1 − 1
X − ζs =
r∑
k=0
(−1)kSk(ζS)Xr−k
thus Sk(ζ
S) = (−1)kζsk (here we denote by Sk the polynomial S̟k). We hene get∏
|λ|
S|λ|(ζ
S) = (−ζs)|λ|.
The other fator is ∏
σ∈S
(ζσ)−|λ|/r = ((−1)rζ−s)−|λ|/r = (−1)|λ|(ζs)|λ|/r
beause
∏r
s=0 ζ
s = (−1)r. And sine |λ| + |λ| /r is a multiple of (r + 1), these two fators
anel eah other.
The only remaining fator is the one whih does not depend on λ, and we have atually
h0(UX,p(r,λ),L1,λ) = h0(UX(r),L)
where UX(r) is the moduli stak of plain vetor bundles of rank r and degree 0 on X and
this number equals
h0(UX(r),L) = 1
(r + 1)g
r∑
s=0
∏
t6=s
∣∣∣∣2 sinπ s− tr + 1
∣∣∣∣g−1
=
1
(r + 1)g−1
r∏
t=1
∣∣∣∣2 sin π tr + 1
∣∣∣∣g−1 = 1.
2.2 Rank-level symmetry between Verlinde numbers
The rank-level symmetry is a onsequene of the well-known reiproity law between the
expressions of Shur polynomials in terms of omplete symmetri polynomials and elementary
symmetri polynomials [Ma95℄.
Lemma 2.3. Let S be a subset onsisting of (r+ l)-th roots of unity with r elements, and T
be its omplement. Then
Sλ(u, u ∈ S) = (−1)|λ|Sλ∗T (v¯, v ∈ T ) = (−1)|λ|SλT (v, v ∈ T ).
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Proof. Let F denote the matrix with oeients (ζ ij/√r + l)i,j, where ζ is a primitive (r+l)-
th root of unity. Then F is unitary and symmetri (it is the Disrete Fourier Transform
matrix), so its inverse is its omplex onjugate: in partiular
(∧rF)∨ · (∧lF) = detF = (−1)r+l−1I
where •∨ denotes transposition and I is the identity matrix.
Hene ∧rF = (−1)r+l−1 ∧l F¯ , yielding:
Qλ(u, u ∈ S)
(r + l)r/2
= (−1)r+l−1ε(λ)ε(S, T )Qλ∗T (v¯, v ∈ T )
(r + l)l/2
= (−1)r+l−1ε(λ)ε(S, T )QλT (v, v ∈ T )
(r + l)l/2
,
where the seond equality arises from the identity v¯k = vr+l−k whih holds for any (r+ l)-th
root v of unity, and ε(S, T ) denotes the signature of the permutation mapping S to the r
rst integers and T to the next l integers, and ε(λ) is the analogous permutation mapping
(r − 1, . . . , 0) + λ to (r − 1, . . . , 0). The boxes of λ desribe the needed transpositions, so
ε(λ) = (−1)|λ|.
The identity we want follows, dividing by the ase λ = 0 whih gives an identity for the
Vandermonde determinant.
Corollary 2.4. The spaes H0(SUX,p(r,λ),Ll,λ) and H0(UX,p(l,λT ),Lr,λT ) have equal di-
mensions for any λ whose size is a multiple of rl.
Proof. We need to hek that∏
s∈S
(ζs)−|λ|/r
∏
λ
Sλ(ζ
s, s ∈ S) =
∏
t∈T
(ζ t)−|λ|/l
∏
λT
Sλ(ζ
t, s ∈ S)
whih redues to ∏
s∈S
(ζs)−|λ|/r =
∏
t∈T
(ζ t)−|λ|/l(−1)|λ|.
Now
∏
s∈S(ζ
s)
∏
t∈T (ζ
t) = (−1)r+l−1 and − |λ| /l ≡ |λ| /r mod (r + l). It now sues to
ompare parities of (r+ l− 1) |λ| /r, whih it the same as (r+ l− 1) |λ| /l sine their sum is
(r + l)(r + l − 1) |λ|
rl
with |λ|. Notie that (r + l − 1)rl/r = rl + l(l − 1) has the same parity
as rl, giving the result.
The Witten orrespondane between the Verlinde algebra and the quantum ohomology
of the Grassmannian will have a better geometri interpretation if we use twisted Verlinde
numbers, whose dimensions satisfy more symmetries and gives more straightforward equali-
ties.
Proposition 2.5. Let det : UX,p(r,λ) → Jac(X) be the morphism assoiated to the r-th
exterior power funtor. Let Θ be a theta divisor on the Jaobian of X. It will also denote
the assoiated line bundle and Θ¯ its pull-bak by the involution x 7→ −x.
Then if λ is a multiple of rl,
h0(UX,p(r,λ),Ll,λ⊗ det⋆Θ)
=
∑
S∈Pr(Z/(r+l)Z)
∏
s∈S,t/∈S
∣∣∣∣2 sin πs− tr + l
∣∣∣∣g−1∏
s∈S
(ζs)−|λ|/r
∏
λ
Sλ(ζ
s, s ∈ S)
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Proof. Consider
τ : SUX,p(r,λ)× Jac(X)→ UX,p(r,λ)
again, and remember that τ ⋆Ll,λ = Ll,λ ⊠ Θrl. We also have τ ⋆(det⋆Θ) = O ⊠ r⋆Θ
whih is numerially equivalent to r2Θ, thus they are interhangeable when omputing with
Grothendiek-Riemann-Roh theorem for example. This allows to write
h0(τ ⋆(Ll,λ⊗ det⋆Θ) = r2gh0(UX,p(r,λ),Ll,λ⊗ det⋆Θ)
= h0(SUX,p(r,λ),Ll,λ)h0(JacX,Θrl ⊗ r⋆Θ)
= h0(SUX,p(r,λ),Ll,λ)h0(JacX,Θrl+r2)
= rg(r + l)gh0(SUX,p(r,λ),Ll,λ).
We an reover the desired formula by using 2.1.
Corollary 2.6. The spaes H0(UX,p(r,λ),Ll,λ⊗ det⋆Θ) and H0(UX,p(l,λT ),Lr,λT ⊗ det⋆Θ¯)
have equal dimensions.
3 Symmetries assoiated to outer automorphisms
The ane Lie algebra of type A
(1)
r−1, whih is ŝlr has a Dynkin diagram with the shape of
a r-yle: its automorphism group is the dihedral group Dr. The theory of ane Lie alge-
bras [Ka90℄ identies this group with the outer automorphism group of the orresponding
Ka-Moody algebra, and it is known [FSS96,FS99℄ that this group indues orrespondanes
between representations with dierent highest weights and isomorphisms between the asso-
iated bundles of onformal bloks in a very general setting.
In the partiular A
(1)
n ase, these isomorphisms have simple meanings. We will study
the ase of duality and rotations, whih generate the dihedral group, and show that strange
duality morphisms are ompatible with these isomorphisms.
3.1 Conjugate moduli spaes
The outer automorphisms indue isomorphisms between onformal bloks whih an be ex-
plained by isomorphisms between moduli spaes. Let UX,p(r, d, B) be the moduli spae of
vetor bundles with a paraboli struture at the marked points given by full ags in the
bres, and SUX,p(r,L, B) be the analogous moduli spae of bundles with xed determinant
L.
Proposition 3.1. For any λ, there is anonial forgetful morphism UX,p(r, d, B)→ UX,p(r, d,λ).
This morphism is projetive, so the onformal bloks an be expressed as setions of line bun-
dles on UX,p(r, d,λ) as well as setions on UX,p(r, d, B) of their pull-baks.
Proposition 3.2 (Duality). The duality automorphism, ating as a reetion on the regular
Dynkin diagram indues isomorphisms:
V : UX,p(r, d, B)→ UX,p(r,−d, B)
V : SUX,p(r,D, B)→ SUX,p(r,−D, B)
obtained by omposition of the assoiated moduli funtors with the duality funtor.
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Proof. The funtor dening these automorphisms assoiates to a vetor bundle its dual bundle
with the orthogonal ltrations as seen in the previous setions. This funtor is its own inverse,
and identies omponents of the moduli funtor orresponding to dual determinants.
Proposition 3.3 (Rotations). The group Z/rZ ats on the ane Dynkin diagram by ρ :
̟i → ̟i+1 (with indies taken modulo r) and for any σ ∈ (Z/rZ)D, there are isomorphisms
rσ : UX,p(r, d, B)→ UX,p(r, d− |σ| , B)
rσ : SUX,p(r,L, B)→ SUX,p(r,L(−σ · p), B)
where |σ| is the length of σ with respet to the generators of the form ρp (whih ats by ρ at
the point p), and σ · p =∑p σpp (we identify SUX,p(r,L, B) and SUX,p(r,L(−rp), B) using
the tensor produt by O(−p)).
Proof. The funtor rρ,p representing the ation of ρp assoiates to a vetor bundle E with
full ags
0 ⊂ Ep,1 ⊂ · · · ⊂ Ep,r = Ep
the vetor bundle F dened by the exat sequene
0→ F → E → Ep/Ep,r−1
There is an exat sequene
0→ Ep/Ep,r−1 = Tor1(Op, Ep/Ep,r−1)→ Fp → Ep → Ep/Ep,r−1
so Fp is an extension i : Fp → Ep,r−1 by a line and has a anonial full ag
0 ⊂ Ep/Ep,r−1 = i−1(0) ⊂ · · · ⊂ i−1(Ep,r−1) = Fp
To onstrut an inverse funtor, we need to assoiate to a vetor bundle F with full ags
an extension E of F by Op given by an exat sequene
0→ F → E → Op → 0.
Suh sequenes are lassied by a vetor f ∈ Ext1(Op, F ) ≃ Fp whih desribes the behaviour
of the bre at p: there is an exat sequene
0→ Op f−→ Fp → Ep → Op → 0.
The loally free extensions are then lassied by P(Fp) but the only one yielding ompat-
ible ag strutures is the point orresponding to the line Fp,1.
These onstrutions extend to families of vetor bundles and thus give isomorphisms
between the moduli staks. Iterating these funtors gives the ation of the full automorphism
group.
Remark. This onstrution is related to Simpson's desription (see [Sim90℄) of paraboli
vetor bundles as vetor bundles with a periodi ltration
· · · → Er−1(−p)→ E(−p)→ E1 → · · · → Er−1 → E → E1(p)→ · · ·Er−1(p)→ E(p)→ · · ·
The ation of ρp orresponding to shifts of this ltration, so ρp will also be alled the shift
automorphism.
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These isomorphisms desend to isomorphisms between moduli spaes of vetor bundles
with paraboli strutures of type λ where λ is a labelling of the marked points by weights
of slr. The group (Dr)
D
ats by σ(λ) = (σp(λp))p∈D.
Proposition 3.4. There are isomorphisms
UX,p(r, d,λ)→ UX,p(r,−d,λ∗)
and
SUX,p(r,D,λ)→ SUX,p(r,−D,λ∗)
making the following diagrams ommute
UX,p(r, d, B) //

UX,p(r,−d, B)

UX,p(r, d,λ) // UX,p(r,−d,λ∗)
SUX,p(r,D, B) //

SUX,p(r,−D, B)

SUX,p(r,D,λ) // SUX,p(r,−D,λ∗)
Proposition 3.5. Let 0 < k < r be the smallest integer suh that 〈λp, αr−k〉 > 0 (where αr−k
are the simple roots of slr), there are morphisms
rp : UX,p(r, d,λ)→ UX,p(r, d− k, ρkp(λ))
and
rp : SUX,p(r,D,λ)→ SUX,p(r,D(−kp), ρkp(λ))
making the following diagrams ommute
UX,p(r, d, B) //

UX,p(r, d− 1, B)

UX,p(r, d,λ) // UX,p(r, d− 1, ρkp(λ))
SUX,p(r,D, B) //

SUX,p(r,D(−p), B)

SUX,p(r,D,λ) // SUX,p(r,D(−p), ρkp(λ))
as well as preserving the inlusions of moduli spaes of bundles with xed determinant in
moduli spaes of bundles with varying determinant.
3.2 Isomorphisms between spaes of onformal bloks
Proposition 3.6. Consider the duality isomorphism:
V : UX,p(r, d,λ)→ UX,p(r,−d,λ∗)
The pull-bak of line-bundles is given by the following formula:
V ⋆Ll,λ∗M∨⊗KX ≃ L
l,λ
M
As the onsequene, there is a anonial isomorphism between H0(UX,p(r,−d,λ∗),Ll,λ
∗
M∨⊗KX
)
and H0(UX,p(r, d,λ),Ll,λM ) for any rank l vetor bundle M with a paraboli struture of type
λT and paraboli degree d/r + 1− g.
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Proof. The identity follows from Serre duality: if E is a family of paraboli vetor bundles
over X parameterised by S, the diret image by π : X × S → S satises
Rπ⋆(E ⊗M)par = Rπ⋆(KX ⊗E∨ ⊗M∨)par[1]∨
(the extension of Serre duality to paraboli bundles follows from the properties of dual
paraboli strutures).
Proposition 3.7. We suppose λ(r) = 0, so σ(λ) an be dened at the level of Young diagrams.
The shift morphism assoiated to an elementary rotation σ at a point p
rσ : UX,p(r, d, B)→ UX,p(r, d− 1, B)
transform line bundles aording to the formula
r⋆σLl,σ(λ)M ≃ Ll,λM
and indue isomorphisms between H0(UX,p(r, d,λ),Ll,λM ) and H0(UX,p(r, d−1,Ll,σ(λ)M ) for any
rank l vetor bundle M with its paraboli struture of type λ∗ ≡ σ(λ)∗.
Proof. If E is a family of vetor bundles over X , and Eσ is the vetor bundle obtained by the
funtor assoiated to σ, the isomorphism between the determinant line bundles is indued
by the anonial isomorphism between (E⊗M)par and (Eσ ⊗Mσ)par where Mσ is the vetor
bundle M equipped with its paraboli struture of type λ + ̟l (with is equivalent to the
struture of type λ).
We now observe that elements Hompar(M
∨, E) must atually be maps to Eσ (beause
λ(r) = 0), and an be identied with elements of Hompar(M
∨
σ , E
σ).
In the ases where the weights used have non trivial stabilisers, there an be automor-
phisms of the spae of onformal bloks.
Proposition 3.8. Let λ be a system of weights of slr and let ϕ ∈ (Z/rZ)D be a hoie of a
rotation at eah point suh that ϕp(λp) = λp and
∑
ϕp = 0.
Then ϕ indues an isomorphism UX,p(r, d, B) ≃ UX,p(r, d + kr, B) and the hoie of a
r-th root of O(σ · p) turns ϕ into an automorphism of UX,p(r, d, B) ommuting with the
determinant morphism UX,p(r, d, B)→ PicdX.
In partiular, ϕ denes automorphisms of the spaes H0(SUX,p(r,D,λ),Ll,λ) for D ∈
PicdX.
3.3 Behaviour of rank-level duality
Proposition 3.9. The morphisms between spaes of onformal bloks dened by the duality
funtor ommute with the strange duality morphisms dened in setion 1.
Proof. This is a onsequene of the ompatibility of tensor produts with duality.
To study the behaviour of rank-level duality with respet to the outer automorphisms,
we need more subtle operations.
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Denition 3.10. Let λ be a Young diagram in a r×l retangle. The string of λ = (ar, . . . , a1)
(where ai is non-inreasing) is the sequene (x1, . . . , xr+l) where xi = R if i = ak + k for
some k and xi = L otherwise (here R and L are abstrat symbols).
Denition 3.11 (String paraboli struture). Let E and F be vetor spaes with full ags
and let λ be a Young diagram inside a r × l retangle. Denote by (Ei)ri=1 and (Fj)lj=1 the
inreasing ltrations on E and F . The spae Hom(F,E) has a anonial paraboli struture
of level r + l dened by the subspaes
Gk = Hom(F/FkL, EkR) ⊂ Hom(F,E)
for k ∈ {1, . . . , r + l} where kR is the number of i > k suh that xi = R and kL is the number
of j 6 k suh that xj = L.
Remark. Notie that EkR dereases and that FkL inreases, so that Gk is a dereasing ltra-
tion.
Given two paraboli bundles of types λ and λT , with a hoie of ompatible full ags
at eah point, we now endow E ⊗ F with the struture |λ|+ whih onsists in the natural
struture |λ| with the additional data of Ep,1 ⊗ Fp at p, where E1 is the hosen hyperplane
at p.
Proposition 3.12. Let σ be the elementary rotation at the point p, and suppose λ
(r)
p = 0.
Then |σ(λp)| = |λp|+ l. We have natural morphisms
U(r, d, B)
rσ

× U(l, d, B) τλ // U(rl, ld+ rd, |λ|+)× Picd−d(X)
r
σl

U(r, d− 1, B) × U(l, d, B) τσ(λ)// U(rl, l(d− 1) + rd, |σλ|)× Picd−d+1(X)
Here τλ is the tensor produt with respet to type λ-strutures with additional +-struture.
We also have the orresponding pull-bak funtors between line bundles
Ll,λF0⊗L ⊗ det⋆(detF0 −Θ) ⊠ Lr,λ
T
E0⊗L
⊗ det⋆(detE0 +Θ) L1,|λ|L ⊠Θoo
Ll,σ(λ)F0⊗L ⊗ det⋆(detF0 − (Θ + p))
OO
⊠ Lr,λTE′0⊗L ⊗ det
⋆(detE ′0 + (Θ + p)) L1,|σ(λ)|L ⊠ (Θ + p)oo
τ⋆
OO
where E0 ∈ U(r, d,λ) and F0 ∈ U(l, d,λT ) and the orresponding pull-bak isomorphisms
between spaes of setions ommute. Moreover, these isomorphisms preserve the anonial
setions of the paraboli determinant bundles, so they ommute with the strange duality mor-
phisms dened in setion 1.4.
Proof. The ommutativity results from the fat that these line bundles are all determinant
bundles of the same vetor bundle (up to pull-bak) of rank rl and slope g − 1.
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4 Assoiated enumerative problems
4.1 Enumerative interpretation of the strange duality
The exeptional symmetries shown in the previous setions allow to prove strange duality for
speial degrees or weights without loss of generality.
Proposition 4.1. Let d and d be integers, and λ be a system of possibly empty Young
diagrams suh that
|λ|+ ld+ rd ≡ 0 mod rl.
Up to adding enough points wearing empty Young diagrams, there exists a sequene of ro-
tations of Young diagrams induing maps UX,p(r, d, B) → UX,p(r, d′, B) and UX,p(l, d, B) →
UX,p(l, d′, B) suh that the resulting system of Young diagrams ν and the orresponding de-
grees d′, d′ and the new number of marked points n′ satisfy:
• d′ + rn′ is an arbitrary large multiple of r,
• d′ = 0,
• |ν∗| = n′rl + ld′ + rd′ + rl(1− g).
Proof. Sine rotating an empty Young diagram gives l̟1, |λ| inreases by l so adding enough
points with empty diagrams and rotating them an make the total size of the diagrams
arbitrarily large. Eah step of this proess redues d by 1, and preserves d, so we an obtain
an value d′ whih is multiple of r.
Applying the previous argument to the other moduli spae, we an inrease or derease
d to zero while not hanging d (see the previous setion for the behaviour of degrees under
rotation of the diagrams), using rotations or their inverse of empty diagrams.
The third equality automatially holds modulo rl. Tensoring by a line bundle of degree
s gives an isomorphism between UX,p(r, d′,λ) and UX,p(r, d′ + rs,λ) inreasing ld′ by rl:
hoosing an appropriate s we obtain an equality for the third relation (this an be ahieved
by applying full rotations to empty Young diagrams). Sine |ν| an be arbitrarily large,
d′ + rn′ an be as large as needed.
Reall there is a tensor produt morphism
τ˜ : UX,p(r, d,λ)× UX,p(l, d,λT)→ UX,p(rl, ld+ rd, |λ|)× Picd−dX
whih pulls the anonial setion of L1,|λ|L ⊠ Θ to a strange duality pairing S˜D whih is a
setion of (Ll,λF0⊗L⊗ det⋆(detF0−Θ))⊠ (Lr,λ
T
E0⊗L
⊗ det⋆(detE0 +Θ)), where L is a line bundle
on X of degree
g − 1− (ld+ rd) + |λ|
rl
.
The previous proposition allows to replae the moduli spaes by moduli of bundles with
dierent degrees. The rank-level duality between the onformal bloks is then equivalent to
the rank-level duality in the new setting.
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Proposition 4.2. One an replae d, d and λ by values d′, d′ = 0, ν satisfying the onditions
above and dene anonial isomorphisms between onformal bloks, pulling the rank-level
duality morphism to the new one.
In partiular, proving rank-level duality in one of these ontexts is equivalent to proving
it in the other one.
Remark. After this operation, the line bundle used to dene the duality has degree zero, so
without loss of generality we an suppose it is trivial.
Corollary 4.3. The rank-level symmetry between Verlinde numbers holds in arbitrary degree
in the ase
|λ|+ ld+ rd ≡ 0 mod rl.
We now suppose the onditions above are satised by λ, and replae d par a very large
number so that |λ∗| = ld+ rl(n+1− g) is a multiple of rl and all q the ommon dimension
of the vetor spaes of onformal bloks.
Lemma 4.4. Suppose there exist q pairs of vetor bundles (Ai, Bi) of degree (d, 0) and ranks
r and l, with paraboli struture of type λ and λT at points p, and a line bundle M of degree
g − 1 + d dening a theta divisor ΘM on Pic−d(X) satisfying the following properties:
• H0((Ai ⊗Bj)par) = 0 i i = j,
• H0(detA∨i ⊗ detBj ⊗M) = 0.
Then the strange duality morphism S˜D indued by the anonial setion of
H0(UX,p(rl, |λ|),L1,|λ|)⊗H0(Pic−dX,ΘM)
is an isomorphism between
H0(UX,p(r, d,λ),Ll,λF0 ⊗ det⋆(detF0 −ΘM))
and
H0(UX,p(l,λT ),Lr,λTE0 ⊗ det⋆(detE0 +ΘM)).
Remark. Note the seond ondition an easily be fullled by hoosing M in the omplement
of a nite number of theta divisors (dened by the non-satisfation of this ondition).
Proof. From the denition of the anonial setion of the determinant bundle, the properties
of the pairs amount to the non-vanishing of the strange duality pairing at points (Ai, Bj) if
and only if i = j, whih means (Ai) and (Bj) are linearly independant as elements of the
dual of the spaes of generalised theta funtions, and in duality for the strange morphism.
Sine there are q ouples of suh bundles, they are atually bases and the strange morphism
is a perfet pairing.
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4.2 Geometri realisations of the Verlinde numbers
The Vafa-Intriligator formula, whih is formulated and proved e.g. in [MO07b℄, expresses
intersetion numbers on Quot shemes (parameterising quotients of Or+lX ) and the struture
oeients of the quantum ohomology of the Grassmannian. As in the non-paraboli ase,
it yields values very similar to the Verlinde numbers. For example, the fatorisation formulae
for the Verlinde algebra (see [Bea96℄) orrespond to the fatorisation properties of Gromov-
Witten invariants as stated in [ST97℄.
This is a geometri interpretation of the isomorphism between the Verlinde algebra of glr
at level l and the quantum ohomology of Gr(r, r + l) ≃ Gr(l, r + l). It will in the end give
a onstrution of points of the moduli spaes representing the strange duality.
Let r, l, d, be integers, and λ be a system of Young diagrams suh that |λ| = ld+ rl(n+
1 − g). We assume that d and n are multiples of 2rl(r + l) (up to adding more points),
aording to the previous setion. We set µ = λ∗.
Let V = L⊕r+l be a vetor bundle on X with rank r + l and degree rn + d. Let Q =
Quotr,d+rn(V ) be the ne moduli sheme parameterising quotients of degree d+ rn and rank
r of V . Universality yields on Q×X an exat sequene of oherent sheaves
0→ E∨ → V → F(D)→ 0
where E is a at family over Q of rank l and degree 0 vetor bundles on X , and F is a at
family of rank r and degree d oherent sheaves on X .
The tensor produt by L∨ indues an isomorphism of Q with Quotr,nrl+ld
r+l
(Or+l) so the
known results on this Quot sheme also apply to Q. In partiular, Q is a ompatiation of
Mornrl+ld
r+l
(X,Gr(l, r + l)),
whih is identied to the lous of Q representing loally free quotients of V .
If rn+ d is large enough, it is known that Q is a redued irreduible sheme [BDW96℄ of
dimension ld+ rl(n+ 1− g) = |µ|.
Let ι : Q→ Q×X be the onstant setion mapping q ∈ Q to the point (q, p) where p is
a xed point. Let ak (for k between 1 and l) be the Chern lasses of ι
⋆(E ⊗ L∨). Then the
numerial equivalene lass of ak does not depend on p for a generi hoie of this point.
Let λ be a Young diagram with λT 6 (rl). The harateristi lass aλ is dened as
RλT (1, a1, . . . , al) where RλT is the polynomial omputing the Shur polynomial in terms of
elementary symmetri funtions.
Proposition 4.5 (see [FP98℄). The harateristi lass aµp is represented by the subvariety
Zp of Q parameterising morphisms from X to Gr(l, r + l) mapping p into a given Shubert
subvariety Yp of type YµTp , whih has odimension |µp|.
Proposition 4.6 (see [Ber94℄). There exist a hoie of Shubert varieties suh that the Zp
interset properly, on the smooth lous of Q parameterising stable loally free quotients of V .
Proposition 4.7. If aµ =
∏
p aµp , we have for any paraboli vetor bundle F0 of rank r and
degree d,
h0(UX,p(l, 0,λT),Lr,λ
T
F0
⊗ det⋆Θ¯) =
∫
Q
aµ.
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Proof. The intersetion number above an be omputed by the Vafa-Intriligator formula, as
stated in [MO07b℄. We obtain:∫
Q
aµ = (r + l)
l(g−1)
∑
T∈Pl(Z/(l+r)Z)
∏
p
Sλp(ζ
T )
(∏
ζ t
∏
t6=u∈T
(ζ t − ζu)
)1−g
where T goes through order l subsets of Z/(r + l)Z. We have the additional property∏
t6=u∈T
(ζ t − ζu) =
∏
t6=u∈T
∣∣ζ t − ζu∣∣ (∏
t∈T
ζ t)l−1
sine (ζs− ζ t)(ζ t− ζs) = ζsζ t |ζs − ζ t|2. Fatoring out (∏t∈T ζ t) at the power l(1− g) (whih
is ongruent to |µ| /r ≡ − |µ| /l modulo (r + l)), there remains:∫
Q
aµ = (r + l)
l(g−1)
∑
T
∏
p
Sµp(ζ
T )(
∏
t∈T
ζ t)−|µ|/l
∏
t6=u∈T
∣∣ζ t − ζu∣∣1−g
whih equals h0(UX,p(l,λT ),Lr,λT ) by the Verlinde formula
h0(UX,p(l,λT ),Lr,λT ⊗ det⋆Θ¯) = (r + l)l(g−1)
∑
T
(
∏
ζT )−|λ|/r
∏
λ
Sλ(ζ
T )
∏
t6=u∈T
∣∣ζ t − ζu∣∣1−g
The intersetion yle aµ an be represented by a redued zero-dimensional subsheme Z
that ounts the number of points of Q representing morphisms fromX to Gr(l, r+l) mapping
the marked points p of X to the Shubert ells Yp. But we saw that a point of a Shubert
ell YµTp inherits a natural paraboli struture of type µ.
A point of Z is an exat sequene
0→ E∨ → V → F (D)→ 0
suh that E∨p is a l-dimensional subspae of Vp hosen in a partiular Shubert variety Yp:
this endows E∨ with a type µT paraboli struture. By duality, E has rank l and degree 0,
and is equipped with a type λT paraboli struture.
We also showed that F (D)∨ = (E∨)⊥ ⊂ V ∨ inherited a natural µ struture, giving F a
type λ paraboli struture.
Proposition 4.8. The points of Z parameterise q pairs of vetor bundles (Ei, Fi) of degree
(−d, 0) and ranks r and l, with paraboli struture of type λ and λT at points p, suh that
H0(Ei ⊗ Fj(D))par = 0 i i = j.
Proof. Consider the exat sequenes of paraboli bundles
0→ E∨i → V → Fi(D)→ 0
given by the intersetion points of Shubert ells in the previous setion. They are the points
of a redued zero-dimensional sheme (dened by the inverse image of Shubert varieties
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in the Quot sheme). Its tangent spae an be written as Hompar(E∨i ,Fi(D)), using the
previous omputations of the tangent spae of Shubert ells, and the fat that Z was a
proper intersetion. This tangent spae vanishes sine Z is smooth of dimension zero.
Moreover, replaing Fi by Fj breaks the exatness of the sequene, and the omposite
E∨i → V → Fj gives a nonzero morphism (if it were not the ase, there would be a morphism
from E∨i to E
∨
j , and it would be injetive sine E
∨
i → V is injetive, and sine Ei and Ej
have the same degree this is impossible).
This solves the enumerative problem we set up to prove strange duality in setion 4.1.
Theorem 4.9 (Rank-level duality of GLn onformal bloks). Let (X,p) be a smooth proje-
tive urve with marked points, and λ be a system of Young diagrams.
Let d and d be integers suh that
|λ|+ ld+ rd
is divisible by rl.
Consider the tensor produt
τ˜ : UX,p(r, d,λ)× UX,p(l, d,λT)→ UX,p(rl, ld+ rd, |λ|)× Picd−dX
mapping (E, F ) to their paraboli tensor produt (E ⊗ F, detE∨ ⊗ detF ). Let L be a line
bundle with slope g−1−(ld+rd+|λ|)/(rl) and Θ be a generi Theta divisor on Picd−dX. Then
hoosing a base point (E0, F0) denes a divisor Θd on Pic
dX pulling bak by x→ detF0− x
and Θd on Pic
dX pulling bak by the ation of detE∨0 .
Then
τ˜ ⋆L1,|λ|L ⊠Θ = (Ll,λF0⊗L⊗ det⋆Θd)⊠ (Lr,λ
T
E0⊗L
⊗ det⋆Θd)
Moreover there exists a setion in H0(UX,p(rl, ld+ rd, |λ|),L1,|λ|L )⊗ det⋆Θ, anonial up
to a salar, whose pull-bak denes a perfet pairing
S˜D : H0(UX,p(r, d,λ),Lr,λF0⊗L⊗ det⋆Θd)∨ ⊗H0(UX,p(l, d,λT),Ll,λ
T
E0⊗L
⊗ det⋆Θd)∨ → C.
Theorem 4.10 (Rank-level duality of SLn/GLn onformal bloks). With the same hypothe-
ses, let D be a degree d line bundle on X. The tensor produt of paraboli bundles denes a
morphism
τ : UX,p(r, d,λ)× SUX,p(l,D,λT )→ UX,p(rl, ld+ rd, |λ|).
If F0 is a given point in SUX,p(l,D,λT ) and L a line bundle with appropriate slope as
before, we have
τ ⋆L1,|λ|L = Ll,λF0⊗L⊠ Lr,λ
T
whih does not depend on F0 (sine it always has determinant D).
The pull-bak of the anonial setion of L1,|λ| denes a perfet pairing
SD : H0(UX,p(r, d,λ),Ll,λF0⊗L)∨ ⊗H0(SUX,p(l,D,λT ),Ll,λ
T
)∨ → C.
Remark. The rank-level duality for nonzero degree bundles proved in [MO07a℄ orresponds
to the ase λ = 0 and rd+ ld = 0.
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5 Rank-level duality for Sp2-bundles and Spn-bundles
Here we onsider moduli staks of prinipalG-bundles with paraboli struture (see [LS97℄ for
example). If λ is a Young diagram in a r×l-retangle, we dene paraboli strutures of type λ
in a sympleti vetor spae of dimension 2r to be a partial ag of isotropi subspaes whose
dimensions are given by the row lengths of λT = (b1, . . . , bl). These strutures orrespond to
hoies a paraboli subgroup onjugate to Pλ in Sp2r.
Let λ˜ be the Young diagram in a retangle of size (2r × 2l) of the following form[
λ 0
1 λ∗
]
If 0 ⊆ E1 ⊆ · · · ⊆ El ⊂ E is an isotropi partial ag in E, we dene an assoiated ag
0 ⊆ E1 ⊆ · · · ⊆ El ⊆ E⊥l ⊆ · · · ⊆ E⊥1 ⊆ E
whih determines a paraboli struture of type λ˜ on E as a plain vetor spae.
As in the GLn ase, we hoose a system of Young diagrams λ labelling the marked points.
Let MX,p(r,λ) be the moduli stak of sympleti vetor bundles with paraboli strutures
of type λ. We also dene an analogous moduli stak M′X,p(r,λ) for vetor bundles equipped
with a sympleti form with values in KX(D) and a paraboli struture of type λ.
If λ is a Young diagram, we denote by λ the half-integer weight of sorl whih has the
same parity as |λ|. Let Q′X,p(4rl,λ) be the moduli stak of oriented orthogonal bundles of
rank 4rl whose quadrati form takes values in KX(D), equipped with a paraboli struture
of type λ.
Proposition 5.1 ([Abe07℄). The tensor produt of sympleti bundles of ranks 2r and 2l
with paraboli strutures of type λ and λT is an orthogonal bundle with a anonial paraboli
struture of type λ oiniding with the usual paraboli struture for the tensor produt of
plain vetor bundles.
Proposition 5.2. We have a morphism of moduli staks
MX,p(r,λ)×M′X,p(l,λ)→ Q′X,p(rl,λ)
and a ommutative diagram :
UX,p(r, λ˜)× UX,p(l, l(g − 1− n/2), λ˜T )

MX,p(r,λ)×M′X,p(l,λT )

// Q′X,p(rl,λ)

SUX,p(2r, λ˜)× SUX,p(2l, λ˜T ) // SUX,p(4rl, |λ˜|)
where morphisms from the rst line to the seond one map respetively vetor bundles E to
sympleti bundles E ⊗ E∨ and vetor bundles F to sympleti bundles F (D)⊗KX ⊗ F∨.
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The moduli spaes of paraboli sympleti bundles arry natural line bundles denoted by
Ll,λ and Lr,λT . It is known (see [OW96℄ for non-paraboli bundles) that the spaes of setions
of these line bundles have the same dimensions. Moreover, there is a natural morphism from
Q′X,p(4rl,λ) toQ′X(4rl) : the moduli stak of vetor bundles of rank 4rl with a nondegenerate
quadrati form with values in KX . This morphism represents the funtor assoiating to a
paraboli orthogonal vetor bundle the orthogonal vetor bundle of setions going through the
hosen maximal isotropi subspaes (notie that the target of the quadrati form hanges).
The Pfaan line bundle on the moduli stak Q′X(4rl) has a anonial setion, whih is a
square root of the anonial setion of the determinant bundle : it vanishes on the lous of
bundles with nonzero setions.
If the ase where l = 2, the isomorphism between Sp2 and SL2 allows to identify more
vetor spaes (see also [MO07℄) :
Proposition 5.3. The folowing vetor spaes have the same dimension :
• H0(SUX,p(2, KX(D),λT),Lr,λT )
• H0(M′(1,λT ),Lr,λT )
• H0(M(r,λ),L1,λ)
• H0(UX,p(r,λ),L2,λ)
Proof. The isomorphism Sp2 ≃ SL2 gives the rst equality, the seond follows from the rank-
level symmetry for Verlinde numbers of the sympleti group, and the last equality folows
from the SL2/GLn rank-level duality.
Theorem 5.4. There is a ommutative diagram of isomorphisms :
H0(SUX,p(2, KX(D),λT ),Lr,λT ) // H0(M′(1,λT ),Lr,λT )
H0(UX,p(r,λ),L2,λ)∨ //
OO
H0(M(r,λ),L1,λ)∨
OO
Proof. The bottom line omes from the inlusion E → E ⊕ E∨ between the moduli spaes,
the top line is the identiation of SL2 with Sp2, the left edge is the rank-level isomorphism.
This implies the arrow fromH0(UX,p(r,λ),L2,λ)∨ toH0(M′(1,λT ),Lr,λT ) is an isomorphism,
so the two other arrows are isomorphisms.
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